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Many glass-forming fluids exhibit a remarkable thermodynamic scaling in which dynamic prop-
erties, such as the viscosity, the relaxation time, and the diffusion constant, can be described under
different thermodynamic conditions in terms of a unique scaling function of the ratio ργ/T , where ρ
is the density, T is the temperature, and γ is a material dependent constant. Interest in the scaling
is also heightened because the exponent γ enters prominently into considerations of the relative con-
tributions to the dynamics from pressure effects (e.g., activation barriers) vs. volume effects (e.g.,
free volume). Although this scaling is clearly of great practical use, a molecular understanding of the
scaling remains elusive. Providing this molecular understanding would greatly enhance the utility
of the empirically observed scaling in assisting the rational design of materials by describing how
controllable molecular factors, such as monomer structures, interactions, flexibility, etc., influence
the scaling exponent γ and, hence, the dynamics. Given the successes of the generalized entropy
theory in elucidating the influence of molecular details on the universal properties of glass-forming
polymers, this theory is extended here to investigate the thermodynamic scaling in polymer melts.
The predictions of theory are in accord with the appearance of thermodynamic scaling for pressures
not in excess of ∼ 50 MPa. (The failure at higher pressures arises due to inherent limitations of a
lattice model.) In line with arguments relating the magnitude of γ to the steepness of the repulsive
part of the intermolecular potential, the abrupt, square-well nature of the lattice model interactions
lead, as expected, to much larger values of the scaling exponent. Nevertheless, the theory is em-
ployed to study how individual molecular parameters affect the scaling exponent in order to extract
a molecular understanding of the information content contained in the exponent. The chain rigidity,
cohesive energy, chain length, and the side group length are all found to significantly affect the mag-
nitude of the scaling exponent, and the computed trends agree well with available experiments. The
variations of γ with these molecular parameters are explained by establishing a correlation between
the computed molecular dependence of the scaling exponent and the fragility. Thus, the efficiency
of packing the polymers is established as the universal physical mechanism determining both the
fragility and the scaling exponent γ.
PACS numbers: 64.70.Pf, 05.50.+q
I. INTRODUCTION
The description of the properties of glass-forming liq-
uids poses numerous conceptual and technical prob-
lems. [1, 2] The properties of supercooled liquids obvi-
ously vary strongly with thermodynamic state, which
for a one-component system corresponds to systems with
specified temperature T and pressure P (convenient when
cooling at constant pressure) or specified temperature
T and density ρ (convenient when cooling at constant
volume). Since separate variations in density ρ or tem-
perature T greatly affect the dramatic slowing down of
dynamics of glassy materials, the observation that dy-
namical properties, such as the viscosity η, the struc-
tural relaxation time τ , and the diffusion constant D,
depend only on a single control parameter, ργ/T , where
γ depends on the material, is a quite remarkable find-
ing that is important in guiding the design of new ma-
terials. Moreover, an explanation of the origins of this
∗Electronic address: freed@uchicago.edu
thermodynamic scaling is then crucial for deepening our
understanding of universal characteristics of glass forma-
tion. [3–6]The exponent γ of the thermodynamic scal-
ing also provides a measure of the relative importance
of the density and temperature in controlling glassy dy-
namics. Hence, not surprisingly, a large body of exper-
iments [7–13] and simulations [14–20] have probed the
nature of thermodynamic scaling of glass-forming liq-
uids since the first observation by To¨lle et al. for ortho-
terphenyl. [21] The existence of thermodynamic scaling is
well established for as diverse materials as van der Waals
liquids, polymers, ionic liquids, weakly hydrogen-bonded
systems, etc. [4–6]
Thermodynamic scaling in glass-forming liquids is in-
triguing for both fundamental and practical reasons.
Probing the origin of thermodynamic scaling assists at-
tempts to establish a universal description of the dynam-
ics of glassy materials and to improve significantly the
existing models and theories. The study is also valu-
able since the dynamical properties at varying thermody-
namic conditions can be predicted from only a few mea-
surements if the material conforms to the thermodynamic
scaling. While some have argued that thermodynamic
2scaling contains little physical content, [9, 10] the oppo-
site wide belief is that thermodynamic scaling stems from
the nature of the repulsive portion of the intermolecular
potential. In fact, the thermodynamic scaling exactly
holds for a system interacting with an inverse power law
(IPL) potential where γ is indeed determined by the ex-
ponent of the power law. [22] Strong support for this
interpretation emerges from computer simulations using
generalized Lennard-Jones (LJ) potentials with varying
steepness [14, 15] that exhibit γ as increasing with the
steepness of the potential. The study of thermodynamic
scaling has triggered the proposal of several novel con-
cepts by Dyre and coworkers, such as that of “strongly
correlating liquids” (i.e., liquids with strong correlations
between equilibrium fluctuations of the potential energy
and the virial in a canonical ensemble) and “isomorphs”
(i.e., curves in the phase diagram along which structure,
dynamics, and some thermodynamic properties are in-
variant in reduced units) . [23–28] The isomorph theory
indicates that the scaling exponent γ is not constant, but
depends on density, [27–30] and the power-law form ργ
is only a special case. However, the power-law density
scaling is a useful approximation to the isomorph scaling
since a number of experiments find a weak dependence of
γ on density under certain thermodynamic conditions [4–
6] and since using a constant value of γ leads to collapse
onto a master curve of the dynamics in glass-forming liq-
uids. Furthermore, the Avramov model, which is fre-
quently employed in describing viscosity and relaxation
data of glass-forming liquids in the T -P plane, [31] has
been explored by Casalini et al. [32] to rationalize the
thermodynamic scaling and to show that the scaling ex-
ponent γ is related to the Gru¨neisen constant. In addi-
tion, Floudas et al. [33] note that the monomer volume
and local packing play an important role in understand-
ing the thermodynamic scaling of polymers. Recently,
Ngai et al. [34] present evidence that thermodynamic
scaling of the α-relaxation time stems from the proper-
ties of the Johari-Goldstein β-relaxation or the primitive
relaxation of the coupling model.
Despite intense recent efforts, understanding of the ori-
gins of thermodynamic scaling in glass-forming liquids is
far from complete, and, in particular, an explanation of
how molecular details of the polymers affect the thermo-
dynamic scaling remains elusive. Although the thermo-
dynamic scaling is a universal property that is common
to both small molecules and polymers, a better under-
standing of its origins benefits from exploring the special
features of polymer systems, such as the large changes in
properties that may be produced by small alterations in
molecular parameters. While dielectric spectroscopy ex-
periments [35] and molecular dynamics simulations [36]
have probed the dependence of thermodynamic scaling
on chain length for poly(methylmethacrylate) (PMMA)
and Lennard-Jones chains, respectively, it is in general
difficult experimentally to finely tune a single molecu-
lar parameter, and simulations are restricted to systems
far above the glass transition temperature. Moreover,
some striking empirical correlations between the scaling
exponent and the fragility parameter [8, 12, 37, 38] also
invite theoretical considerations. We address the above
issues by employing the generalized entropy theory, [39–
46] which has been previously developed to describe both
the universal characteristics of glass formation and the
specific properties of polymeric glass-forming liquids.
One of the strengths of the generalized entropy theory
is the predictive ability to treat the influence of the short-
range correlations imparted by chain connectivity, semi-
flexibility and molecular details on the glass formation of
polymers. The previously successful applications [39, 40]
suggest that the theory could be utilized to investigate
more specific details, such as the thermodynamic scal-
ing of polymer melts. Hence, we assess the influence of
molecular details on thermodynamic scaling of polymer
melts within this molecular theory of polymer glass for-
mation. All of the following factors, including the chain
rigidity, the cohesive energy, the chain length, and the
length of the side groups, are demonstrated as signifi-
cantly influencing the scaling exponent γ. The computed
trends are found to agree well with available experiments,
although the highly steep character of the square well in-
teractions of a lattice model leads to very large values of
γ in accord with expectations and implies that only gen-
eral trends should be considered. Correlations between
the scaling exponent and the fragility parameter emerge
from our calculations and thus suggest a universal phys-
ical mechanism for both the thermodynamic scaling of
polymer dynamics and the fragility of glass-forming poly-
mers.
Section II begins with a brief review of the generalized
entropy theory of polymer glass formation followed by
a demonstration that thermodynamic scaling is well re-
covered within the generalized entropy theory, provided
the employed pressure is not very high. Section III ex-
amines the influence of chain rigidity, cohesive energy,
the lengths of the chain backbone and the side groups on
thermodynamic scaling. We discuss the correlations be-
tween the scaling exponent and the fragility parameters
as well as the anticipated differences from experiment
caused by the very abrupt nature of the repulsive poten-
tial inherent in lattice models.
II. THERMODYNAMIC SCALING WITHIN
THE GENERALIZED ENTROPY THEORY
This section begins with a brief introduction to the
generalized entropy theory of polymer glass formation
and a summary of the basic features of the theory that
are required for the present work. We then determine
whether and under what conditions the thermodynamic
scaling of relaxation times emerges from the generalized
entropy theory.
3A. Generalized entropy theory
The generalized entropy theory has been developed
with the initial aim of providing a molecular understand-
ing of the universal properties of glass-forming polymer
fluids and of explaining the strong variations in glass
transition temperature Tg and in fragility between differ-
ent polymer materials. To this end, the configurational
entropy, a central quantity in the theoretical descriptions
of the glass transition, is evaluated from the lattice clus-
ter theory (LCT) for semiflexible polymer chains. [47, 48]
The LCT describes the influence of molecular details by
employing an extended lattice model in which monomers
have internal structure reflecting their size, shape and
bonding patterns. By combining the LCT with the
Adam-Gibbs (AG) model, [49] the generalized entropy
theory allows describing the influence of short-range cor-
relations, induced by chain rigidity and monomer struc-
ture, on the glass formation of polymers. Note that the
theory identifies the entropy density sc, i.e., the configu-
rational entropy per lattice site, as the essential quan-
tity for use in the AG model. Thus, LCT computa-
tions of sc(T ) have enabled the direct determination of
three characteristic temperatures of glass formation, [40–
44] namely, the “ideal” glass transition temperature T0
where sc extrapolates to zero, the onset temperature TA
which signals the onset of non-Arrhenius behavior of the
relaxation time and which is evaluated from the maxi-
mum in sc(T ), and the crossover temperature TI which
separates two temperature regimes with qualitatively dif-
ferent dependences of the relaxation time on tempera-
ture and which is evaluated from the inflection point in
Tsc(T ). The relaxation time τ is then obtained from sc
and the AG relation,
τ = τ∞ exp[β∆µs
∗
c/sc(T )], (1)
where β = 1/(kBT ) with kB Boltzmann’s constant, τ∞ is
the high temperature limit of the relaxation time, ∆µ is
the limiting temperature independent activation energy
at high temperatures, and s∗c is the high temperature
limit of sc(T ). The high temperature activation energy
is estimated from the empirical relation ∆µ = 6kBTI and
τ∞ is set to be 10
−13 s. Thus, the structural relaxation
time is computed within the generalized entropy theory
without adjustable parameters beyond those used in the
LCT for the thermodynamics of polymers. The temper-
ature dependence of the relaxation time enables determi-
nation of the glass transition temperature Tg, the fourth
characteristic temperature, from the common empirical
definition τ(Tg) = 100 s. (The use of a Lindermann crite-
rion yields essentially equivalent results. [41]) Therefore,
glass formation is described by the generalized entropy
theory as a broad thermodynamic transition with four
characteristic temperatures (TA, TI , Tg, T0).
The generalized entropy theory has previously been ap-
plied to investigate essential molecular and physical fea-
tures affecting glass-formation, [40–45] and recently to
model the glass formation of poly(α-olefins). [46] These
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FIG. 1: The logarithm of relaxation time log(τ ) calculated
from the generalized entropy theory as a function of the ratio
φγ/T with γ = 14.0 for various pressures. The computa-
tions are performed for a melt of chains with the structure of
poly(propylene) (PP) with z = 6, acell = 2.7 A˚, ǫ/kB = 200
K, Eb/kB = 400 K and N = 8000. The same values of z,
acell, ǫ, Eb and N are used in the computations presented in
Fig. 2. τ is given in units of seconds, which is also used in
Fig. 4. Thermodynamic scaling holds well for low pressures,
but relaxation times for P & 50 MPa deviate from the master
curve.
studies explain some experimentally observed trends,
while many theoretical predictions are confirmed by ex-
periments [39, 40], suggesting that the theory correctly
captures general trends of glass formation in polymers.
We further extend the theory in this paper to investi-
gate thermodynamic scaling of the dynamics of poly-
mer melts, whether the LCT also predicts thermody-
namic scaling, how the exponent γ varies with molec-
ular parameters, and the relation of γ to other mea-
surable quantities. The theory describes the polymers
as involving monomers that extend over several lattice
sites with connectivities corresponding to the molecular
structures. The key parameters of the theory and their
significance are as follows: (1) The bending energy Eb
describes the chain rigidity which may differ between the
backbone and the side groups. The bonds are fully flex-
ible when Eb = 0, whereas they are completely rigid in
the Eb → ∞ limit. (2) The cohesive energy parameter
ǫ describes the net attractive van der Waals interactions
between the nearest neighbor united atom groups. (3)
The monomer structure and molecular weight enter into
the theory through a set of geometrical indices, provid-
ing a substantial improvement over the traditional lattice
theories. Further information on the generalized entropy
theory can be found in recent reviews [39, 40].
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FIG. 2: The logarithm of glass transition temperature log(Tg)
as a function of the logarithm of glass transition specific vol-
ume log(Vg). The red solid line is a linear fit to the data of
slope 13.47 for P ≤ 50.7 MPa. A linear relationship between
log(Tg) and log(Vg) indicates that the relaxation times obey
thermodynamic scaling.
B. Testing thermodynamic scaling
As a first test of whether the generalized entropy the-
ory describes thermodynamic scaling and as a prelude to
more extensive calculations below that probe the varia-
tion of the scaling exponent with each of the individual
parameters of the model, we choose a polymer system
with the structure of poly(propylene) (PP) because such
a structure requires the minimal number of parameters
in the LCT. The following parameters are used in the
calculations: the lattice coordination number (z = 6),
the cell volume (vcell = a
3
cell = 2.7
3 A˚3), the cohesive
energy parameter (ǫ/kB = 200 K), the bending energy
(Eb/kB = 400 K) and the chain length (N = 8000). Fol-
lowing previous work, the computations are performed
at constant pressure. Then, the relaxation time τ and
volume fraction φ are obtained as a function of tempera-
ture for various pressures up to P = 293.8 MPa and are
used to analyze the nature of thermodynamic scaling. Al-
though recent work suggests the use of the reduced-unit
relaxation time for analyzing the thermodynamic scal-
ing, [50] we employ the absolute values which also work
well in most cases and which yield almost identical val-
ues of the scaling exponent. The scaling exponent 14.0
collapses the data for P ≤ 50.7 MPa onto a master curve,
but Fig. 1 implies that deviations from a master curve
appear when the pressure exceeds ∼ 50 MPa.
As noted in Ref. [51], another convenient method to
estimate the scaling exponent is from the linear relation-
ship between log(Tg) and log(Vg),
log(Tg) = A− γ log(Vg), (2)
that follows as a consequence of thermodynamic scaling,
where Vg is the specific volume (defined as V = 1/φ)
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FIG. 3: Specific volumes v as a function of temperature T
for various pressures [54]. The symbols are experimental
data taken from Ref. [55] for atactic PP with high molecular
weight, and the lines are results calculated from the general-
ized entropy theory for a melt of chains with the PP structure
with z = 6, Eb/kB = 409 K and N = 8000. The cell volume
parameter acell and cohesive energy ǫ are adjusted to decrease
with pressure in order to better describe the experimental
data. The parameters are summarized in Table I.
at the glass transition temperature. Figure 2 displays
the correlation between log(Tg) and log(Vg) that varies
linearly only in the low-pressure regime.
According to isomorph theory [27–30], the scaling ex-
ponent is not constant, but generally is a function of den-
sity. Thus, a natural question is whether the departures
at higher pressures in our computations arise from using a
constant value of γ. We have tried to employ the density-
dependent scaling exponent γ(φ) to collapse the data pre-
sented in Fig. 1 using γ(φ) obtained from the slopes in
Fig. 2, but improvements are minimal at high pressures.
Additionally, our computations display a similar break-
down at higher pressures for Ro¨ssler scaling, [40, 52] in
which data for the normalized relaxation times τ/τ(TI)
collapse to a single function of (Tg/T )(TI −T )/(TI −Tg)
(data not shown). We thus believe that the departures at
higher pressures are probably due to inherent limitations
of the employed lattice model. Therefore, subsequent
computations are performed in the low-pressure regime
and probe the calculated variation of the scaling expo-
nent with the molecular parameters of the LCT using
data for four pressures (P = 0.1, 10.1, 30.4, 50.7 MPa).
C. Comparison with experiment
The above illustrative computations exhibit a much
larger scaling exponent than experimentally observed for
PP, where γ is found to be around 2.0 for atactic PP. [53]
The model parameters, acell and ǫ, used in these calcu-
lations are taken as independent of pressure to enable
5TABLE I: Cell volume parameters acell, cohesive energies ǫ,
calculated glass transition temperatures T calg , and experimen-
tal glass transition temperatures T expg [56] for various pres-
sures. Using the pressure dependent acell and ǫ along with
the bending energy Eb/kB = 409 K produces the calculated
pressure dependence of the glass transition temperature in
good agreement with experimental one.
P , MPa acell, A˚ ǫ/kB , K T
cal
g , K T
exp
g , K
0.1 3.000 266 258.2 258.0
20 2.990 260 262.6 262.4
40 2.980 253 266.6 266.5
60 2.975 246 270.8 270.6
80 2.970 238 274.5 274.4
100 2.965 230 278.2 278.2
subsequent studies of how γ varies as a single parameter
is changed. However, because the experimental equa-
tion of state for PP displays the coefficient of thermal
expansion and the isothermal compressibility as roughly
linearly dependent on pressure, the above illustrative cal-
culations poorly describe the equation of state of PP.
The equation of state, however, may be described rea-
sonably well when recognizing that as the pressure is el-
evated, the average interatomic spacings decrease, so the
cell volume parameter acell should diminish. Similarly,
interatomic forces at elevated pressures are more repul-
sive on average, so the effective attractive interaction en-
ergy ǫ should decrease (be less attractive) as pressure
increases. Thus, the parameters ǫ and acell are chosen
to obtain a reasonable fit to the equation of state data
for atactic PP [55] and thus decrease with pressure (see
Table I). As shown in Fig. 3, the computations provide a
satisfactory description of the experimental equation of
state data over a reasonable range of temperatures and
pressures. Deviations become evident as temperature de-
creases, but the overall agreement enormously improves
over the treatment with pressure independent parame-
ters. Using these parameters and a pressure indepen-
dent bending energy (Eb/kB = 409 K), the computations
perfectly reproduce the experimental data for pressure
dependence of the glass transition temperature, as dis-
played in Table I, where the calculated glass transition
temperatures T calg are presented together with the exper-
imental glass transition temperatures T expg determined
from dielectric spectroscopy experiments of Gitsas and
Floudas. [56] We further find that thermodynamic scal-
ing persists for low pressures, but with the larger scaling
exponent (γ ≈ 23 ).
As discussed below, the computed scaling exponent
generally significantly exceeds all available experimental
data where γ lies in the range from 0.13 to 8.5 for most
materials. [4, 5] The qualitative argument that the mag-
nitude of scaling exponent γ reflects the steepness of the
repulsive part of the potential suggests that our lattice
model for polymers correspond to a system with a very
steep potential and, therefore, that the generalized en-
tropy theory can only capture qualitative trends for γ of
polymer melts. In fact, the lattice model is widely be-
lieved as implicitly assuming a square well potential and
thus corresponds to a system described by a power law
(i.e., r−n, where r is the separation between two parti-
cles) fluid with an infinite exponent n. The treatment
of correlations (such as chain connectivity, semiflexibility
and monomer molecular structure) by the lattice cluster
theory presumably softens the repulsions, but the scal-
ing exponent n tends towards an infinity for a monomeric
system where the effective repulsion is steepest.
III. RESULTS AND DISCUSSION
This section provides a systematic investigation of the
influence of the bending energy, cohesive energy, back-
bone and side chain lengths on the thermodynamic scal-
ing of polymer melts, with particular focus on how these
molecular factors influence the scaling exponent γ which
provides an important measure reflecting the degree to
which volume effects govern the temperature and pres-
sure dependence of the relaxation times. Whereas cor-
relations determined experimentally suffer from the fact
that several molecular parameters change simultaneously
as the chemical species varies, calculations may be per-
formed varying one parameter at a time. Thus, we ex-
amine the presence of a correlation between the fragility
and the scaling exponent when only a single parameter
is varied. For this reason, the calculations consider the
pressure independent acell and ǫ to enable varying one of
them independently, with the recognition that the gen-
eral trends would be the same.
A. Influence of the bending energy
The degree of chain rigidity is modeled in terms of the
bending energy Eb in the generalized entropy theory and
has been shown to strongly affect the fragility and the
glass transition temperature. [39, 40] We now consider
how the bending energy influences the thermodynamic
scaling for a polymer system with the PP structure be-
cause its treatment requires only a single backbone bend-
ing energy. The cell volume parameter, cohesive energy
and chain length are fixed. τ , Tg and Vg are then com-
puted as a function of T along four isobars (P = 0.1,
10.1, 30.4, 50.7 MPa). The results displayed in Fig. 4
use the two independent approaches introduced in Sub-
sec. II (B) to estimate the scaling exponent. Both meth-
ods find scaling for pressures up to 50.7 MPa. Figure 5
presents the computed scaling exponent as a function of
bending energy from the two methods which again gener-
ate almost identical results. Thus, the calculated scaling
exponent is presented using the more convenient linear
relation between log(Tg) and log(Vg).
Figure 5 clearly indicates that the scaling exponent
decreases with the backbone stiffness and tends to satu-
rate at large bending energies. While the PP structure
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FIG. 4: (a) The logarithm of relaxation time log(τ ) as a func-
tion of the ratio φγ/T for various Eb. (b) The logarithm of
glass transition temperature log(Tg) as a function of the log-
arithm of glass transition specific volume log(Vg) for various
Eb. The solid lines in (b) are linear fits. The computations
are performed for the PP structure with z = 6, acell = 2.7 A˚,
ǫ/kB = 200 K and N = 8000. The same values of z, acell, ǫ
and N are used in the computations presented in Figs. 5 and
7.
is chosen above for illustrating the effect of the back-
bone bending energy, the side groups can have a separate
bending energy when the length of the side groups n is
sufficiently large (n ≥ 2). Since the relative flexibility of
the backbone and side groups has been shown to strongly
correlate with the fragility of polymer glasses, [39, 46] it
is instructive to examine the influence of the side group
rigidities. We thus consider a melt of polymers with
the structure of poly(1-pentene) (PPe) as an illustration
since this structure has been employed by Dudowicz et
al. [40–44] to investigate the universal properties of glass
formation for three different classes of polymers. We first
find that the scaling exponent still decreases as the back-
bone bending energy grows for fixed side group bending
energies (data not shown). The results displayed in Fig.
5
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FIG. 5: Scaling exponents γ, estimated from two independent
methods, as a function of bending energy Eb. The red squares
and blue circles are obtained from relaxation times and Eq.
(2), respectively.
6 show that the side group bending energy has a similar
effect on the scaling exponent for fixed backbone bend-
ing energies. Hence, the scaling exponent diminishes as
either the backbone or side chain stiffen. Our compu-
tations thus indicate that the density effect on the dy-
namics of polymers is enhanced as the chain becomes
flexible, a trend in good agreement with experiments;
e.g., the scaling exponent is 1.25 for PMMA, [9] while it
significantly increases for more flexible polymers such as
poly(methylphenylsiloxane), where γ is equal to 5.6. [57]
Fragility is a basic property of glass-forming liquids,
and its relation to experimental data for thermodynamic
scaling has been discussed. [8, 12, 37, 38] It is straight-
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FIG. 6: Scaling exponents γ as a function of side group bend-
ing energy Esb for various fixed backbone bending energies E
b
b .
The calculations consider a poly(1-pentene) (PPe) structure
with z = 6, acell = 2.7 A˚, ǫ/kB = 200 K and N = 8000.
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FIG. 7: (a) Isochoric fragility parameter mV as a function
of bending energy Eb. (b) The product of isobaric expansion
coefficient αP at the glass transition point and glass transition
temperature Tg as a function of bending energy Eb at constant
pressure (P = 0.1 MPa). The lines are a guide to the eye.
forward to show that thermodynamic scaling implies,
mV
mP
=
1
1 + γαPTg
, (3)
where mV = ∂ log(τ)/∂(Tg/T )|V,T=Tg is the isochoric
fragility parameter, mP = ∂ log(τ)/∂(Tg/T )|P,T=Tg
the isobaric fragility parameter and αP =
(1/V )(∂V/∂T )|P,T=Tg the isobaric expansion coefficient
at the glass transition temperature. Moreover, mV /mP
can be directly related to the ratio of the isochoric
activation energy EV = R∂ log(τ)/∂(T
−1)|V to the
isobaric activation enthalpy HP = R∂ log(τ)/∂(T
−1)|P
with R the gas constant, i.e.,
mV
mP
=
EV
HP
∣
∣
∣
∣
T=Tg
. (4)
Since the computations are performed at constant
pressure, mP and αP can be directly determined ac-
cording to their original definition. Then, the isochoric
fragility parameter mV is calculated from Eq. (3) us-
ing the values of mP and αP at P = 0.1 MPa, or
equivalently from mV = ∂ log(τ)/∂(Γ/Γg)|Γ=Γg , where
Γ = φγ/T and the glass transition point Γg is similarly
defined by τ(Γg) = 100 s. Both methods produce iden-
tical results. As illustrated in Fig. 7 (a), larger bending
energy yields increased mV , as is indeed already evident
from the curves in Fig. 4(a). Thus, the variation of the
bending energy affects both mV and mP similarly. This
result is not surprising in view of the positive correla-
tion between mP and mV found empirically [12, 38] and
from our computations described in Subsec. III (E). The
generalized entropy theory also reveals that the packing
efficiency provides a general determinant of the fragility
of polymers. [39, 40] Thus, the density scaling for the dy-
namics of glassy polymers and the magnitude of the scal-
ing exponent may also be a consequence of the packing
efficiency since the strong correlation between fragility
and the scaling exponent is established in Subsec. III
(E).
Experiments find that αPTg is approximately constant
for most glassy materials [8, 12] so that a master curve
can be constructed between EV /HP and γ based on Eqs.
(3) and (4) for a variety of glassy materials. While such
an empirical finding is very appealing, our computations
indicate that it breaks down when a single molecular pa-
rameter is varied. As an illustration, Figure 7(b) exhibits
αPTg as monotonically increasing with Eb. Similarly,
αPTg systematically changes with other molecular pa-
rameters, such as cohesive energy, chain length and side
group length, when the other parameters are held con-
stant. Therefore, a master curve between EV /HP and γ
cannot be established within the generalized entropy the-
ory. It should be emphasized that empirically observed
correlations between EV /HP and γ reflect its approxi-
mate nature.
B. Influence of the cohesive energy
The cohesive energy parameter ǫ describes the net
attractive interactions between nearest neighbor united
atom groups and strongly affects the equation of state.
The previous analyses of the generalized entropy the-
ory [46] show that the glass transition temperature in-
creases, while the fragility decreases, as the cohesive en-
ergy grows. Again, this is rationalized in the generalized
entropy theory in terms of the packing efficiency of the
polymers since larger attractive interactions are expected
to induce the polymers to pack more efficiently. The
influence of the cohesive energy parameter on the ther-
modynamic scaling of polymers is examined for a high
molar mass polymer with the PP structure for varying
cohesive energies while keeping other parameters fixed.
The resulting scaling exponent γ and isochoric fragility
parameter mV are presented as a function of ǫ in Fig.
8. Not surprisingly, γ significantly increases when ǫ/kB
grows from 100 K to 300 K. Thus, our results confirm
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FIG. 8: Scaling exponent γ and isochoric fragility parameter
mV as a function of cohesive energy ǫ. The computations
are performed for a polymer melt with the PP structure with
z = 6, acell = 2.7 A˚, Eb/kB = 400 K and N = 8000.
the importance of the packing efficiency in determining
the density-temperature scaling on the dynamics of su-
percooled polymer melts. Moreover, mV changes in the
opposite direction, indicating again a negative correlation
between the scaling exponent and the fragility.
C. Influence of the chain length
Experiments in general reveal that longer chain poly-
mers exhibit higher glass transition temperatures and
higher fragilities. Such a trend has been successfully
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FIG. 9: Scaling exponent γ and isochoric fragility parameter
mV as a function of chain length N . The computations are
performed for a polymer melt with the PP structure with
z = 6, acell = 2.7 A˚, ǫ/kB = 200 K, Eb/kB = 400 K and
N = 8000. The smallest value for N is 8.
reproduced by the generalized entropy theory. [40, 46]
These results indicate that the chain length also serves as
an important molecular parameter to control the prop-
erties of glassy polymers. Recently, Casalini et al. [35]
have experimentally detected the impact of varying chain
length on thermodynamic scaling by analyzing data for
the relaxation times of PMMA samples with four molec-
ular weights. The scaling exponent decreases from 3.7
to 1.8 when the chain length grows from N = 3 to
N = 1500, while the isochoric fragility varies in the oppo-
site direction. Thus, increasing chain length reduces the
importance of the density (or volume) in determining the
dynamics of polymers. Figure 9 presents the variation of
the scaling exponent and the isochoric fragility parame-
ter with chain length N using calculations for a polymer
melt with the PP structure for different chain lengths.
Although the generalized entropy theory can, in princi-
ple, be applied to treat monomeric systems with N = 1,
the mean-field approximations embodied in the LCT are
less faithful for such small N . Thus, the computations
consider N ≥ 8. Figure 9 exhibits the scaling exponent
as first quickly decreasing with increasing N and then re-
maining nearly constant at sufficiently large N , while the
isochoric fragility parameter again proceeds in the oppo-
site direction. This computed trend is in accord with ex-
perimental observations described above. The predicted
saturation of γ and mV at large N is physically reason-
able since there must be a lower bound on N above which
most of the properties of polymer melts become insensi-
tive to the change of chain length. Interestingly, recent
computer simulations [36] indicate that the scaling expo-
nent increases with chain length for a flexible LJ chain
model. However, such a simple model probably does not
account for the complicated effects in polymers and may
not capture the correct trends for a real polymer mate-
rial. Instead, our computations provide theoretical agree-
ment for the experimental findings.
D. Influence of the side group length
The side group length n strongly affects the proper-
ties of polymers. The dependence of the glass transition
temperature and the fragility on the side chain length has
been extensively examined in previous works. [40–44] In
particular, qualitatively different behaviors for the vari-
ation of the glass transition temperature with length of
side chain has been revealed for different classes of poly-
mers that are characterized by the ratio of side group
to backbone bending energies. Thus, the generalized
entropy theory establishes the side group length as a
powerful controllable tool for regulating the glass transi-
tion temperature and the fragility of glass-forming poly-
mers. In a previous application of this theory, Stukalin et
al. [46] propose a set of molecular parameters to model
glass formation of poly(α-olefins). We thus choose this
model of poly(α-olefins) to illustrate the influence of side
group length on the thermodynamic scaling of polymer
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FIG. 10: Scaling exponent γ and isochoric fragility parameter
mV as a function of side group length n. The computations
are performed for the poly(α-olefin) structure with z = 6,
acell = 2.9 A˚, ǫ/kB = 200 K, E
b
b/kB = 560 K, E
s
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K and N = 8000.
melts. Figure 10 displays the computed variation of the
scaling exponent and the isochoric fragility parameter
with the side group length. γ increases with n, while
mV again varies in the opposite direction, implying that
a longer side chain leads to the enhancement of the den-
sity effect on the dynamics of poly(α-olefins). This is
understandable since the side chains (Esb/kB = 100 K)
are more flexible than the backbone (Ebb/kB = 560 K)
in this model, and thus a longer side chain improves the
packing efficiency. This, in turn, exerts impacts on the
scaling exponent and the fragility.
E. Correlations between the scaling exponent and
measures of fragility
All of our computations indicate a negative correlation
between the scaling exponent and the fragility, regardless
of which molecular parameter is varied. Such a result is
intriguing since it enables establishing correlations be-
tween the scaling exponent and the fragility and, hence,
a universal physical mechanism for the fragility and the
density scaling for the dynamics of polymer melts. Actu-
ally, the existence of correlations between the scaling ex-
ponent and the fragility has previously been realized em-
pirically. [8, 12, 37, 38] In particular, two empirical corre-
lations have been suggested by Casalini and Roland [12],
mP = m0 + amV , (5)
γ = γ0 + b/mV , (6)
where m0, a, γ0 and b are adjustable parameters. Since
mP is dependent on pressure and mV is not, the co-
efficients in Eq. (5) vary with pressure, as noted pre-
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FIG. 11: Correlations between isobaric fragility parameter
mP at P = 0.1 MPa and isochoric fragility parameter mV
when varying individual molecular parameters. The lines are
a guide to the eye.
viously. [12, 38] Casalini and Roland [12] indicate that
these two correlations work well for most glass formers.
While these correlations are very appealing and have
important consequences, no prior theory provides an ex-
planation for the correlations. Our study provides the op-
portunity for testing the correlations, and, perhaps more
importantly, for investigating how mP , mV and γ mutu-
ally correlate when a single molecular parameter is var-
ied. Figures 11 and 12 display the mP −mV and γ−m
−1
V
correlations, respectively, for varying molecular parame-
0
10
20
30
40
50
60
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
γ
1/mV
PP for variable Eb
PP for variable ǫ
PP for variable N
PPe for variable Esb
PPe for variable Ebb
poly(α-olefin) for variable n
FIG. 12: Correlations between scaling exponent γ and iso-
choric fragility parameter mV when varying individual molec-
ular parameters. The lines are linear fits according to Eq. (6)
with the fitting parameters, γ0 = −8.65 and b = 847 for
chains with the poly(propylene) structure, γ0 = −10.54 and
b = 852 for poly(1-pentene), γ0 = −4.52 and b = 616 for
poly(α-olefin).
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ters. Remarkably, all of the data never fall onto a single
master curve, but they can be roughly categorized into
three groups. Choosing the PP structure for illustration,
mP grows linearly with mV only in a restricted regime of
lower values, while the linear relation between γ andm−1V
appears perfect over the whole regime. Varying the bend-
ing energy, cohesive energy and chain length produces a
single universal linear curve. Similar results are found for
the structure of PPe. Finally, a linear relation applies for
both mP −mV and γ −m
−1
V correlations when only the
side group length is altered. Although a single universal
relation cannot cover all cases, our computations clearly
indicate the presence of correlations between the scaling
exponent and fragility. Hence, our study points towards
a universal understanding of the fragility and the density
scaling of dynamics in polymers.
An important contribution of the generalized entropy
theory is the identification of the packing efficiency as the
main source of variation in the fragility of glass-forming
polymers. [39, 40] The packing efficiency in turn depends
on chain rigidity, cohesive energy and molecular details,
such as the backbone and side group lengths. Strong
support for this simple picture for the origin of variations
in fragility is provided by recent experiments [58] and
simulations. [59, 60] These findings yield the immediate
recognition that the effect of density on the dynamics of
polymers, i.e., the magnitude of the scaling exponent, is
also determined by the packing efficiency because of the
strong correlations between the fragility and the scaling
exponent. Hence, the influence of the bending energy,
cohesive energy, backbone and side group lengths on the
thermodynamic scaling can be rationalized in terms of
the efficiency of packing of polymers in the melt.
IV. SUMMARY
We have employed the generalized entropy theory to
investigate the influence of different molecular factors on
an intriguing property, namely, the thermodynamic scal-
ing of glass-forming polymers. Thermodynamic scaling
emerges from the theory for relatively low pressures in
this molecular theory of polymer glass formation. In par-
ticular, we systematically examine how the scaling expo-
nent varies when changing a single molecular parameter,
including the chain rigidity, the cohesive energy, the chain
length and the side group length. All of these molecu-
lar factors have been shown to strongly affect the scaling
exponent and hence the density effect on the dynamics
of polymers. We explore correlations between the scaling
exponent and the fragility. Instead of falling onto a sin-
gle master curve, these correlations appears to depend on
the molecular structure. Based on these correlations, we
propose that the packing efficiency determines the mag-
nitude of the scaling exponent and hence the relative im-
portance of density for the dynamics of polymers, just as
the packing efficiency constitutes a general determinant
of fragility.
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